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A closely related problem to The Clay Math Institute "Navier-Stokes, breakdown of smooth solutions here on an
arbitrary cube subset of three dimensional space with periodic boundary conditions is examined. The
incompressible Navier-Stokes Equations are presented in a new and conventionally different way here, by naturally
reducing them to an operator form which is then further analyzed. It is shown that a reduction to a general 2D N-S
system decoupled from a 1D non-linear partial differential equation is possible to obtain. This is executed using
integration over n-dimensional compact intervals which allows decoupling. Here we extract the measure-zero
points in the domain where singularities may occur and are left with a pde that exhibits finite time singularity. The
operator form is considered in a physical geometric vorticity case, and a more general case. In the general case,
the solution is revealed to have smooth solutions which exhibit finite-time blowup on a fine measure zero set and
using the Gagliardo-Nirenberg inequalities it is shown that for any non zero measure set in the form of cube subset
of 3D there is finite time blowup.

Navier-Stokes Incompressible Blowup Inequalities Gagliardo-Nirenberg

Boundary-Layers Geometric Algebra Decomposition Vorticity

| 1. Introduction

The question of whether the solutions to the 3-D- Incompressible N-S equations are globally regular or
demonstrate finite time blowup has been a long going debate in mathematics and in general the scientific
communities. The Millennium problem posed by the Clay Institute W is asking for a proof of one of the above
conjectures. Seminal papers conducted by Jean Leray [EEI4 proved that there exists a global (in time) weak
solution and a local strong solution of the initial value problem when the domain is all of R?, that is solutions up to
some finite T* on an interval [0, T*]. While specific cases have approached answers in unique cases, the question
of whether there is a unique solution for all instants of time, (ie. a global unique solution) is presently open. It has
been shown that there exists a unique global solution for the 2D plane-parallel N-S equations B While at first
glance, the NSEs appear as a compact set of PDES, the fascination with these Partial Differential Equations is only
increased by the fact that the nonlinearity of the ensuing expanded equations, appear to be connected with notions
of highly chaotic turbulence and vorticity IR0 Since the announcement of the Millennium Problem, several
results have attempted to comment on the existence and uniqueness of the NSEs. One particularly recent result by
Kyritsis noted that there existed indications towards establishing a regularity of solutions regarding the Euler
Equations and NSEs more generally; this utilized the conservation of particles [11.In the present work, to the best

of the authors’ knowledge, the procedure revealed here has not been previously observed in the literature on the
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question of Incompressible N-S 3-D existence of unique global solutions, except for compressible flows in [22113]114]
First, a cube in ]Rgl with boundary conditions that generate a vortex is considered , and an attempt has been made
to naturally reduce the 3-D incompressible NSEs to a one component decoupled velocity field solution under scale
invariant transformations, with a separate 2-component velocity field solution. For the variable z- component, in
particular, a form of solution is extracted in the analysis presented using the divergence form of Green’s identity,
Ostogradsky’s theorem. The decomposition method using Geometric Algebra is used in conjunction with a result

that a bound for ||u(-,)|| , implies bounds for all derivatives.[10]

| 2. Model

The 3D incompressible unsteady Navier-Stokes Equations (NSESs) in Cartesian coordinates may be listed below in

compactified form for the velocity field u* = u*iéi Cut = 110 u;,u;‘}:

e (5 +u ‘“*r‘) uf —uVul 4 VP =pF

where p is constant density, J is dynamic viscosity , F* = F*ié’i, are the body forces on the fluid. In some cases, it

may be elected to reparametrize the components of the velocity vector, and pressure to
u= (1t)ié'i, P= (P)fé'i,,coordinates xi and time t according to the following form utilizing the non-dimensional

guantity d(assumed negative):

u; = lu,- Mo — l13',-, it=d% 4" =" )

J 62

The continuity equation in Cartesian co-ordinates, is
!
Viu; =0 (3)

2.1. Data

Eq.(1), together with Eq.(3) and using the initial condition of J*(f*,(]) = g(f*) such that V -g: 0
encompass the NSEs along with an incompressible initial condition. Ensuring periodic boundary 44 conditions
specified in & defined on a cube domain Q in ]1{3 is referred to as the periodic BVP for the NSEs in ]1{3. See Fig.

1 below for geometry of flow problem.
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Figure 1. Vortex generation in a 2-D projection of cube.

| 3. Application

Using Eqg.2 above, multiplying the first two components of scale invariant Eq.1 by Cartesian unit vectors
i= (1,0,0),7: (0,1,0) respectively and adding modified equations within the set Eq.1 give the following

equations, for the resulting composite vector - j — %uxfﬁ- %ny,

10b , uedb | Yy 3b _ 27
38+038+53By (5Vb (4)
19P7 ; 1aP7__ 1“>
+Ea—l+ﬁa] 31:

Multiplying Eq. 4 by 8 and by #; and, the z* component of Eq.1 by 8 and by 3 ,(again using Eq.2), the addition
of the resulting equations 12I13114] recalling the product rule, produces a form as displayed below in Eq.5, where
a= uZE. The nonlinear inertial term when added to ‘EVuZ .p and factoring out B gives, E Va. Here VuZE is
a dyadic.
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% 1 p-Vi— %u7vzia’+ L=V P
g Lol o +0%u Fr + 8Fg:b — LbV2u, =0

Multiplying Eg.5 by U~ and adding to it W bv qd gives:

) + -V — LuZV2b + ZulV,, P+

f
bLu-3E + 5%u ;;%PT + 53ungzb+ ©)
uzgv * H ! %uzgvzuz — O

At this point the z component of the external force, F,, is assumed to vanish, In this paper Eq.6 is solved, instead of
Eq.5. For the e—periodic solution, it is proposed that integration of divergence or curl of Eq.6 over an arbitrary small
volume is equivalent to integration of divergence or curl of Eq.5 for the same volume. That is the extra term’s
divergence or curl in Eq.6 when integrated is negligible on set of measure zero. A necessary condition that the form
of EqQ. 5, call it Ly = 0, is that both the divergence and curl of L; be zero and upon integrating over a volume U, we
introduce a function of t which we call Cs(t).The same is true for the non e—periodic case where the justification of
using Eq 6 instead of 5 will be based on the periodicity of the flow on an interval in ]1{3. It can be seen that for the
general non zero measure set, upon separately taking the divergence and curl of Eg. 6 and integrating over the
volume U and using first Ostogradsky’s theorem and the fact that the velocities are periodic on the interval in ]1{3_,
we have that the extra term uzyv .d =4V -d has an integral of it's divergence equal to zero. Proof is
straightforward upon taking the divergence and integrating. Next for the curl of the same term and integrating over
the same volume we use the fact that [;;V x Fdv = Jfsi A % F dSThis contribution is also zero due to periodicity

of velocities on interval.
Theorem 3.0.1. Reduced structure form of 3-D Navier-Stokes Equations

The 3-D Incompressible Navier Stokes equations can be reduced to a simple form as,

_ S 0

where G is the nonlinear partial differential operator given by Eq.13, Q is the two dimensional Navier-Stokes
operator acting on the vector J; defined in the brackets of Eq.17 and f — g - VVid. The terms Q; contained in G

are defined after Eq.10 and are part of the proof of present Theorem 3.0.1.
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Proof. Taking the geometric product with the inertial vector term in the previous equation Eq.6 given by f: i- v;{,
it can be shown that in the context of Geometric Algebra 121241 the following scalar and vector grade equations

arise:

SCALAR
4 2 o
f- (uggf + uzba“') +uz(f-b)V-d =
%u%f .V2h — 11{"-)?- VuyP—
f’-E—u, 2L+ }’u V2uy(f-b)

(7)

VECTOR
o S -
%g‘? + A% +ubV -4 = Eug‘?zb—
L HEV pP— blu E L )
xy Z3z
%uzbvzuz

Taking the divergence of the vector equation EQ.8, recalling the product rule, and defining the new term
H= (uZB-f)/(atuz)(After taking divergence multiply new equation by H), results in an expression which may be

combined with the usage of the scalar equation Eq.7 to produce:

HVu?- 2 L 2H2(V.B)+
Ha-v(%)+HV. {buz?-a] ~ LHV - (u2Vh)+
HV - (3ul Ve P+ biu, 57)—
Hu, V24,V -b— H5V (2, V?u,) - b= (9)
f (Hggf -|-qu%1:3- = %uzﬁvﬁuz) 3

— 2
IFIl —2u2f - V2o+ 2u2f -V, P+ 1f bu. 2
Continuing with the previous paragraph we use the common term g, (f’ E) V . d appearing in Eq.7,and in the

E)uz

new equation where we took divergence of Eq.8 and multiplied by H. This term in Eq.8 is d=#% . Upon a division of

the preceding equation 9 by u%H, it can be seen to result in the general form:
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ﬂﬁ+ﬂ~(¥+ﬂ1—

f 13‘“: usl ﬂuz uzl ab

g%uglvﬁﬁ) T (10)
s + 7 - g - u;iv-(%ungP | E%uz%—f

uf%? . [uzg'ﬁ’zuz) =0

where for brevity, the following symbols have been defined:

Qg =u2V - (bu,V-d),05 =u;2Vu2- L2y —=v-p
z 2 z" ot
2
_ =3 du: _ 1 { du:
F=u; at'G_E(W)*
0 = L8202V, O 2V - (b5
6 = o arliz Vouz, Q7 = uz uz ),

1,,—20du; oP
Qg = 5uz “ 5 52

It can be seen that the expression beginning with parentheses may be abbreviated into a nonlinear

vector operator Q and so Eq.10 can be written compactly as:

f.Q(LIZJ %r ), aluvxyp FT)

g(uz,E) —

(11)

where G is the non-linear operator associated with remaining part of Eq.10. Utilizing the continuity

Eq.3, it can be seen that the operator G is given by the following expression:

Gluz,b) = 2(52) + 0 — Q5 — Q% — Q5 — 6 + Dy + s
G+ “lz_‘?-{ zﬂyPer‘uza y=0
(12)

The nonlinear operator form of the NSEs presented is:
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This completes the proof.

An important observation is that in Eq.12,

Buz)
ot

1
DI+DG—HE—G:—2—Z( (14)
L

Equation 13 displays a general form which may be expanded and analyzed by allowing a geometric assumption to

be undergone, or the general case may also be considered.

| 4. Two Cases
4.1. The Geometric Case

As a special case, one may consider the case where:
f-Q=0 (15)

This condition means that the Lie Product of the velocity inertia is entirely perpendicular to the Force terms, and
thus refers to a vortex fluid scenario. This condition automatically implies G = 0 and so,

Gluz,b) = 2 (%) + 0 — Qs — U — Qs — Qs + Oy + Vs

1 1,2 Fl. 8Py _

(16)
4.2. The General Case

For Q, the expressions with iz and it's derivative with respect to t factor out completely from the expression and
the operator acting on the vector b (that is Eqg.4), remains which is identically zero, This means that ¢ may be

assumed to be:
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duz 7
i o L %vzﬁ + %vxyp —FT| =0

(17)

The expression in brackets in Eq.17, forz ¢ R, is the 2-D "plane-parallel" Navier-Stokes Equations and it is well
known that if all data of problem are independent of one of x, y, z, then the BVP in Egs.1, Egs.3, has a unique

solution for all instants of time with no restrictions on smallness of FT, (f or the domain Q.[1,

Using Green’s identity, for divergence (see Appendix B), also known as Ostogradsky’s Theorem, it is known that for

an arbitrary vector field T* and scalar field y, the following identity holds:
[r_.r (W -T'+T- vtp)dV = j{’;u (T -i1)dS
(18)

Eq.16 can be expressed due to integration on a general rectangular volume U as:

)+ Jy sz — 25 (52)° - 3 (w5 ) +
L s (3u3Vay P+ 51w 2) -7 dS = C,(2)

% (5

(19)

Note that the surface integral in Eq.18 is zero since it is taken over six faces of a general rectangular volume, and
b is a periodic vector field with normals pointing in opposite directions on opposite sides. Here § = uzwhich is
assumed to be equal on the four vertical faces of cube and not equal between the top and bottom face. Also Q; is
zero using Eq.18 and continuity Eq.3, Q3 vanishes using Eg.18 as well due to periodic boundary conditions on the
cube’s surface. The pressure is expressed using the divergence theorem as a surface integral over the surface. In

addition Q, and Q- vanish using the divergence theorem and the fact that E is periodic on the surface of U.

Lemma 1 (Maximum Principle For Eg.19). In this lemma we prove a maximum principle for Eg.19 in the general
case where there are no restrictions on ® and the most general Gagliardo 22-Nirenberg 18 inequality (see also
[17]) is used in this lemma and can be stated as follows, Let 1 < q < o0 and j,k - N,f << k. and either
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pr=a
f<6<1
or
l<r<oo
k—j—2=0,1,2
1<f<1
If we set

then there exists a constant C independent of u such that,

: g
HWHH < CH‘F"H ue||2 2
p e A

(20)

Suppose that % = — | @ |, for a general function ®, | Q) | is volume of positive measure of the
rectangular interval, then uz has a potential blowup in Q) phere Q) is of large enough measure, for § large in

Eq.2, and if the function Cs(t) > 0 appearing in 19.

Proof. Using the z momentum equation again and multiplying by C||uz||:}_9,, for the case,

e, %
| A

o =
| /A

=2

we obtain forj=1, k=2,
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1-8 i
Clluzlly ™" supF#
rel)

= |C||11:_7,||:|r_EI sup (W21t3+ | @ | —b-Vuz — u;%";—’)
xel) )
= C||u3||;_H sup (‘{?zuz—l— | @ | —ii - Vuz)
xell

> C||u3||;_g sup (‘«quz — il - ‘{?rtz)
xel)

rel]

> Clla ||} |:Sl_lg (V2uz) —sup (- v'uz}] (21)
Xc

l':||uz||;—5I sug ('{?zuz) +_‘!:'i{l—;l{1; (| ]| Vuz | | cos(6q) |)] ,cos(B1) <0
x€ =

Clluz |} sup (vluz) + inf (| 5| |u*| | Vuz | | cos(8r) |)} ,cos(64) >0
xe €
B a
]

where in the last two lines of 21, the Gagliardo-Nirenberg 131 18] inequality, Eq 20, has been used, Eq.2 has been

> Cllusly |y [
> oy I Vitz

used to express ijin terms of if* using the negative term &, and for COS(91) > (0 the equality

—sup(—A) = inf (A) is used and for cos(61) < 0 use inf(—A) = —sup A. We abbreviate to the

following expression involving the pressure and velocity terms,

1 -1 odP
¥, = [/ 2 P+ b=1,—) - ndS
! .,s(p s A 23z

Next it is easy to show using 14, 19 and 21 that,

2
: et
||vuz||§ <C*|Qf? ||u:||m(sug H)
LE

5 /272
=C? |0 ||l [sgg (Ll — L (Ge) 4w - csm) ]

2
= ~C? | Q[ [lusl,, inf (—Ll Fdist (i‘{;-;) _ +cs{¢])
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2 azuz

where L1 = uz 5z and L = u ;%":—3%!‘;—-’. At the center of the cube for large ¢ it follows using continuity
equation that %”} is zero. Also the two partial derivatives %} and %‘1 are respectively zero. This can

also be verified using boundary layer theory where layers are formed on the respective solid walls
in Figure 1 with a constant velocity outside the four boundary layers inside the cube at the centre.
Multiplying 22 by minus one reverses the inequality and this leads to,

. Bu
0>C | QF [full. i%(&) w4 G0

(23)

(Note: General case of constant in space but not in time velocity at centre of cube is considered; Also the Poincare
inequality has been used. We have used a result which states if the infinity norm is bounded then all the derivatives
are bounded.)

The gradient of pressure is negative inorder to drive the flow, so that - ¥; > (0. The determining factor is the

integration function in t term C,(t), which is positive and leads to a blowup. To show this the remaining steps are to
use the condition,

2
- [inf ﬂ;:} = —Uy + C.(t)

(24)

in Eg. 19. Hence it is shown that,

2 2
—(uz(z,y, z,t])2 B uz(z,y, 2,t) — (%m{m,y,z, t}) -

2
e, 0) (grus(emnat) ) grus(e s mt) - O5(0) (o200 + B2 FAW®) +0s(0) =0

(25)

where B is the infimum of F(X, y, z) in the cube which is non-zero since there is a maximum negative flow in the z
direction at the centre ( There exists a negative pressure gradient in z driving the flow downwards in cube with
vortex in x, y directions ) and #z = F(x,y,2)A(t). Solving for -2-uz(x,y,2z) in previous equation and
differentiating with respect to z the form of the equation results in the following two ordinary differential equations,
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(éjTﬂ (fJ) By 1 _
A®) (A®) AW
(26)
B (F (x,y,z})3 aifF (2,¥,2) s
2F (1,y,z)
(27)

where A is a separation constant.
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