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| 1. Introduction

The aesthetic evaluation of art paintings typically involves the physical procedure of visual examination of an image. This
approach is considered highly subjective and celebrated as such, with its outcomes being the subject of philosophy of art,
in particular of the philosophical branch known as aesthetics. In an attempt to conceive an alternative, objective procedure
for aesthetic analysis, a plethora of studies have employed mathematical algorithms and quantitative metrics for image
evaluation and classification. In the realm of quantitative art studies, stochastic analysis offers an advantageous and
innovative framework for examining art paintings under the prism of randomness.

In particular, the mathematical field of Stochastics has been introduced as an alternative to deterministic approaches and
is used to model the so-called random, i.e., complex, unexplained or unpredictable, fluctuations observed in (but not
limited to) non-linear geophysical processes W [@ [ Stochastics helps develop a unified perception for natural
phenomena and expel dichotomies like random vs. deterministic. Under the viewpoint of stochastics, there is no such
thing as a virus of randomness that infects some phenomena to make them random, leaving other phenomena
unaffected. Rather it seems that both randomness and predictability coexist and are intrinsic to natural systems, which
can be deterministic and random at the same time, depending on the prediction horizon and the time scale 4. On this
basis, the uncertainty in art, in line with other natural processes, could be considered both aleatory and epistemic (since,
in principle, we do not know perfectly well the underlying causal mechanisms). By applying the methods of stochastics, we
can quantify this uncertainty treating the unpredictable fluctuations of art works as realizations of complex stochastic
processes.

A physical process is characterized as complex when it is difficult to analyze or explain in a completely predictive way.
Likewise, constructions by artists (e.g., paintings, music, literature, etc.) are also expected to be of high complexity since
they are produced by numerous human (e.g., logic, intuition, emotions, etc.) and non-human (e.g., quality of paints, paper,
tools, etc.) processes interacting with each other in a complex manner. Art paintings, being the result of various processes
interacting with each other at multiple scales, are thus likely to resemble a stochastic process of increased uncertainty and
variability. Such a process deviates from a purely White-Noise behavior, as its aesthetic attributes are likely to appear in
clusters by a highly non-predictive manner.

Even though beauty is difficult or even impossible to quantify, nevertheless stochastic analysis may offer new insights into
aesthetical issues and a basis for their objective evaluation. The stochastic analysis of the examined artworks is
performed using the 2D-climacogram (2D-C), a stochastic tool evaluating the degree of variability vs spatial scale.

| 2. Data, Model, Applications and Influences
2.1. Stochastic Analysis in 2D

A stochastic computational tool called 2D-C [Ell8] js used to analyze images of art paintings quantifying the variability of the
brightness vs scale in a specific image and in a group of images as well. Here, we refer to spatial (not time) scale, defined
as the ratio of the area of k x k adjacent cells (i.e., scale k) that are averaged to form the (scaled) spatial field, over the
spatial resolution of the original field (i.e., at scale 1). The term climacogram A& comes from the greek word climax
(meaning scale). It is defined as the (plot of) variance of the averaged process (assuming stationary) versus averaging



scale k, and is denoted as y(k). The climacogram is useful for detecting the long-term change (or else dependence,
persistence, clustering) of a process, which emerges particularly in complex systems as opposed to white-noise (absence
of dependence) of even Markov (i.e., short-term persistence) behaviour [,

In order to obtain a quantitative characterization of the artwork, its image is digitized in 2D and each pixel is assigned a
grayscale color intensity (white = 1, black = 0). Assuming that our sample is an area nA x nA, where n is the number of
intervals (e.g., pixels) along each spatial direction and A is the discretization unit determined by the image resolution,
(e.g., pixel length), the empirical classical estimator of the climacogram for a 2D process can be expressed as:
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estimator is n/2. The difference between the value in each element and the field mean is raised to the power of 2, since
we are mostly interested in the magnitude of the difference rather than its sign. Thus, the climacogram expresses in each
scale the diversity in the color intensity among the different elements. In this manner, we may quantify the uncertainty of
the brightness intensities at each scale by measuring their spatial variability.

An important property of stochastic processes is the Hurst—Kolmogorov (HK) dynamics (usually known in
hydrometeorological processes as Long-Term Persistence, or LTP), which can be summarized by the Hurst parameter as
estimated in large scales. This parameter is estimated by minimizing the fitting error of the logarithmic slope of the tail
(i.e., the last 50 scales in the presented applications) of the observed (from data through Egn. 1) and the modelled (Eqgn.
2) climacogram. The isotropic HK process with an arbitrary marginal distribution (e.g., for the Gaussian one, this results in
the well-known fractional-Gaussian-noise, as described by Mandelbrot and van Ness 19, j.e., the power-law decay of
variance as a function of scale, is defined for a 1D or 2D process as:
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where is the variance at scale k = k4, d is the dimension of the process/field (i.e., for a 1D process d = 1, for a 2D field d
=2, etc.), and H is the Hurst parameter (0 < H < 1). For 0 < H < 0.5 the HK process exhibits an anti-persistent behavior, H
= 0.5 corresponds to the white noise process, and for 0.5 < H < 1 the process exhibits LTP (clustering). In the case of
clustering behavior, due to the non-uniform heterogeneity of the brightness of the painting, the high variability in
brightness persists even in large scales. This clustering effect may substantially increase the diversity between the
brightness in each pixel of the image, a phenomenon also observed in hydrometeorological processes (such as
temperature, precipitation, wind etc.), natural landscapes and music L4,

The algorithm that generates the climacogram in 2D was developed in MATLAB for rectangular images 22, In particular,
for the current analysis, the images are cropped to 400 x 400 pixels, 14.11 cm x 14.11 cm, in 72 dpi (dots per inc).

2.2. lllustration of Stochastic Analysis in 2D

The pixels analyzed are actually represented by numbers based on their grayscale color intensity (white = 1, black = 0).
Figure 1 presents three images for benchmark image analysis: (a) white noise; (b) image with clustering; and (c) an art
painting. Figure 2 presents the steps of our analysis, and shows how grouped pixels at scales k = 2, 4, 8, 16, 20, 25, 40,
50, 80, 100 and 200, are used to calculate the climacogram. Figures 1 and 2 present an example of how we can estimate
the climacograms and standardized climacograms from the data sets in Figure 2. The standardized climacogram, which is
the basic tool of the 2D-C evaluation process, is defined as the ratio , and it is also a function of scale k but without having
any effect from the marginal variance of the process.

The presence of clustering is reflected in the climacogram, which shows a marked difference compared to independent
pixels as in white noise processes (Figure 2). Specifically, the variance of the clustered images is notably higher than that
of white noise at all scales, indicating a greater degree of variability and uncertainty of the process. Likewise, comparing
the clustered image and the art painting, the latter has the most pronounced clustering behavior and a higher degree of
variability.
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Figure 1. Benchmark of image analysis; (a) White noise; (b) Image with clustering; (c) Art painting; the lower row depicts
the average brightness in the upper one.
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Figure 2. Example of stochastic analysis of 2D picture; steps. Grouped pixels at different scales used to calculate the
climacogram; (a) White noise; (b) Image with clustering; (c) Art painting.
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Figure 3. (a) Climacograms of the benchmark images; (b) Standardized climacograms of the benchmark images.

The results of stochastic analysis are presented in papers: RIEIL3I14][15](16]
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