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Anisotropy of the transmission media exerts a strong influence on the reflection and transmission coefficients. Anomalous
refraction yields the consequence of polarization conversion for the refracted wave. We discuss this important physical
phenomenon by invoking practical interfaces between strongly anisotropic rocks, e.g., between O-shale and A-shale.
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| 1. Introduction

One of the basic properties of waves is polarization, which conveys valuable information in reflection, refraction, and other
physical measurements. This certainly applies to both optical LIZIEBI4IE and acoustic waves BB |t has been
established that reflection and refraction of acoustic waves between transversely isotropic media with a vertical axis of
symmetry (VTI media) may yield anomalous refraction RURLMA2IL3] which leads to profound implications in various applied

fields (AILSIAGIITIASI0NZ0] o . geophysics, seismic image and analysis, earthquake seismology, and underwater
acoustics.

Anisotropy of the transmission media exerts a strong influence on the reflection and transmission coefficients. Anomalous

refraction mostly occurs at the interface of the transversely isotropic media with strong anisotropy [2111221[23]124][25][26](27]
One such example is at the interface between anisotropic shale (A-shale) and oil shale (O-shale), as shown in Figure 1,
where A-shale is considered as the incidence medium (23281, Because the media are transversely isotropic, the wave
properties in the y-direction are the same as those in the x-direction.
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Figure 1. At the VTI-VTI interface, the incident P-wave causes reflection and refraction; this produces the reflected and
refracted P-waves, as well as the reflected and refracted SV-waves. The dashed lines indicate the directions of
polarization [28],

Theoretical advancement in detecting abnormalities in refraction has been inspiring 223 One way of doing so is to
examine the abnormalities in the angles of reflection and refraction. Based on Snell’s law, a fourth-order polynomial 22
[29lhas been established related to the angles of reflection and refraction of waves at the interface. For each given incident
angle, the polynomial solutions (i.e., the sine of the refraction angles) may reveal any potential anomalies of the refraction
and reflection.



Consider the interface of A-shale and O-shale. The sine of the angles of P-wave to P-wave refraction as a function of the
incident angle is presented in Figure 2. It appears that, indeed, in the post-critical angle region, the polynomial solutions
expose an anomalous incident angle at 8 = 62.04°.

Now, the basic questions are how significant the anomalous refraction is in affecting the polarization state of the refracted
wave and, from the influence of the anomalous refraction, what the converted polarization states are.
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Figure 2. The sine function of the angle of reflection for P-wave to P-wave transmission versus incident angle at the
interface of A-shale and O-shale, showing an anomalous incident angle at 62.04° 28],

| 2. Poynting Vector

The Poynting vector has a direct connection to the polarization state of a wave signal on directional energy flow 28120,
Now, let's consider the Poynting vector as an alternative in determining anomalous refraction and as a mean of
connecting to polarization conversion.

For a P-wave propagating towards the interface and the induced waves at the interface, the Poynting vector is written as
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where m (=0, 1, 2, 3, or 4) is the index for the various induced waves at the interface, I}[’”}' is the particle displacement
velocity and ,I“—__-‘[m) is the stress tensor of the incident P-wave and induced waves, which is determined by the physical

properties of the media, including anisotropy.

The z-components of the Poynting vector are the refracted and reflected components normal to the interface, which can
be calculated from the reflection and refraction coefficients 2%, For a refracted P-wave, if its z-component is advancing its
x-component by 90°, we call it a wave of right-rotational polarization (clockwise rotation). If its z-component is lagging its
x-component by 90°, we call it a wave with a left-rotational polarization (anti-clockwise rotation).

The summarization of z-components of the Poynting vector for the induced waves can be calculated, which provides a
cumulative effect for overall refraction and reflection,
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Consider A-shale as the incidence medium and O-shale as the transmission medium. At the interface between A-shale
and O-shale, the z-component of the Poynting vector as a function of the incident angle is shown in Figure 3. The
cumulative magnitude of the Poynting vector, the real part of its z-component, increases monotonically with respect to the
incident angle until it reaches 62.04°, where it shows a clear abnormality. This is the same anomalous incident angle that
was found and reported in the literature [21[22][31](32]

It is worth pointing out that the refracted P-wave is a left-rotational polarized wave before reaching 62.04° that is the
anomalous incident angle. At that point, it is converted to a right-rotational polarized wave. Obviously, this polarization
conversion is a direct consequence of the anomalous refraction.
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Figure 3. The z-component of the normalized Poynting vectors as a function of incident angle: (a) the incident P-wave, (b)
the sum of all induced waves, where the dash-line shows an abnormality at 62.04°; the solid-line has an adjusted phase
velocity solution of the refracted P-wave at 62.04° for continuity. Solid lines and dashed lines are overlapping prior to the
anomalous incident angle at 62.04° [28],

| 3. Elliptical Polarization Conversion

For the interface between A-shale and O-shale, there is a critical incident angle at 32.99° and an anomalous incident
angle at 62.04°. It is this anomalous incident angle that leads to polarization conversion.

For VTl media such as A-shale and O-shale, propagations in the x-direction and y-direction are the same. The
propagation properties are based solely on the x-direction and z-direction, as shown in Figure 1. The polarization
coefficients (u[im), u_[ém]) of the incident P-wave and the converted waves at the interface can be obtained from solving a

two-dimensional Christoffel equation,
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The matrix elements are functions of the incident angle and the parameters of the VTI media.

In the region prior to the anomalous incident angle, the transversely isotropic nature of the rock media yields two
independent components of the inhomogeneous refracted P-wave:

W = |R® |u{x2} erp(—aiz) z)exp[i(wt — 2k 5ing® 1 4;5{2}}] , 4)
Wi = —|R{2)|'.u'.£2J emp(—a,gzj z)expli(wt — 2k 5ind® + @ 4 7/2)]. (5)

The refracted P-wave is now in a state of right-rotational polarization. The algebraic recombination of equations (4) and
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(5) yields a mathematical ellipse

Following an elliptical trajectory, the rotation is counter-clockwise. Rotating the elliptical polarization trajectory around the
z-axis produces a three-dimensional polarization elliptical sphere, as shown in the bottom part of Figure 4(a).

In the region after the anomalous incident angle, the transversely isotropic nature of the rock media yields two
independent components of the inhomogeneous refracted P-wave:

me = |R(2) |u£2} e:r,p(uizj z)exp[i(wt — 2kl sing® 4 () 4+ w/2)] . (7
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The refracted P-wave is now in a state of left-rotational polarization. The algebraic recombination of equations (7) and (8)

yields a mathematical ellipse
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Following an elliptical trajectory, the rotation is counter-clockwise. Rotating the elliptical polarization trajectory around the

z-axis produces a three-dimensional polarization elliptical sphere, as shown in the top part of Figure 4(a).

Obviously, passing through the anomalous incident angle at 62.04°, the refracted P-wave has experienced a polarization

conversion from a clockwise elliptical polarization to an anti-clockwise elliptical polarization.
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Figure 4. Polarization of an inhomogeneous refracted P-wave at the interface of A-shale and O-shale: (a) a three-

dimensional polarization elliptical sphere, (b) the projection of the refracted wave onto the x-z plane, and (c) the initial

state of the polarization rotational angle at the coordinate origin B4,

| 4. Weak Anisotropy

For VTI media under weak anisotropy, such as the interface between A-shale and T-sandstone (Taylor sandstone), the

system does not exhibit any anomalous incident angle. Still, there is a critical incident angle at 48.34°. Following the same

analysis as given in the last section, its polarization elliptical sphere is shown in Figure 5. In such a case, there is no

observed phenomenon of polarization conversion.
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Figure 5. Polarization of an inhomogeneous refracted P-wave at the interface of A-shale and T-sandstone: (a) a three-
dimensional polarization elliptical sphere, (b) the projection of the refracted wave onto the x-z plane, and (c) the initial
state of the polarization rotational angle at the coordinate origin B4,

| 5. Final Remarks

At the interface of certain transversely isotropic media, an anomalous incident angle may occur. It then leads to
anomalous refraction and polarization conversion. Across an interface, this mostly happens for transversely isotropic
media with strong anisotropy, leading to an anomalous incident angle, anomalous refraction, and polarization conversion.
For example, there is anomalous refraction and polarization conversion at the interface between O-shale and A-shale, but
no anomalous refraction at the interface between O-shale and T-sandstone, where the anisotropy is weak.

Observations of the various VTI media interfaces invite many open questions. The mechanism of anomalous refraction at
the VTl interfaces is not fully understood at this moment.

First, it is not clear what degree of anisotropy is heeded to induce the anomalous refraction and polarization conversion.

Second, there is a possibility of more than one critical angle at some interfaces. For example, at the interface between S-
shale and C-sandstone (calcareous sandstone) (28], there are two critical incident angles found at 33.41° and 70.66°, but
more than one anomalous refraction has not been found at the interfaces.

Finally, for some interfaces, there is anomalous refraction and polarization conversion for the refracted P-wave but not the
refracted SV-wave. Explanations are needed for a comprehensive understanding of these interfaces.
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