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A DDE is a single-variable differential equation, usually called time, in which the derivative of the solution at a certain time
is given in terms of the values of the solution at earlier times. Moreover, if the highest-order derivative of the solution
appears both with and without delay, then the DDE is called of the neutral type. The neutral DDEs have many interesting
applications in various branches of applied science, as these equations appear in the modeling of many technological
phenomena. The problem of studying the oscillatory and nonoscillatory properties of DDEs has been a very active area of
research in the past few decades.
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| 1. Introduction

Consider the 2nd-order delay differential equation (DDE) of the neutral type:
I
(a0 O ©)°) + a2 (0 (91 () = 0,

1)

where t € [tg,00) and v(t) := u(t) + a1(t)u(go(t)) . In this entry, we obtain new sufficient criteria for the oscillation of
solutions of (1) under the following hypotheses:

(A1) B8 > 1 is a ratio of odd integers;

(A2) a; € C([to, ), [0,00)) fori = 0,1,2, ag(t) > 0 a; < ¢g a constant (this constant plays an important role in the
results), and a, does not vanish identically on any half-line [t*, oo) with ¢+ € [to, oo);

(A3) g; € C([tg,0),R) g;(t) <t go(t) > go > 0,900 g1 = g1 © go and lim;_,, g;(t) = oo for j = 0,1

By a proper soluon of (1), we mean a ue C[tg,00)) with ag-(v')" € C([ty,0)) and
sup {|u(t)] : t > tx} > 0, for t« € [tg, 00), and u satisfies (1) on [tg, 00) . A solution u of (1) is called nonoscillatory if
it is eventually positive or eventually negative; otherwise, it is called oscillatory.

The oscillatory properties of solutions of second-order neutral DDE (1) in the noncanonical case, that is:
n (tﬂj < 00,
e

where
® s
10:= [ 6" (wa.
t

| 2. Oscillatory Properties of Noncanonical Neutral DDEs of Second-Order

We begin with the following notations: U is the set of all eventually positive solutions of (1), V() := aé/ﬁ(t)v'(t) ,

Lemma 1. Assume thatv € U™ and there exists a dp € (0, 1) such that:



- 8 4+
as (B)ag” B0 (8) > 8.
3)
Then, v eventually satisfies:

(Cy1) v is decreasing and converges to zero;

(Cs) w(t)= n()V(t) and 2 s increasing,
n

and:

18
(Ca) V' (t)+ §(V (g0 (£))) + %"Tﬁ Y (t)az (E)v (g (£)) < 0.
0

Proof. Letu € U™ . Then, we have that u(go(t)) , and u(g1(¢)) are positive for ¢ > t; , for some ¢; > t; . Therefore,
it follows from (1) that:

Using (1) and Lemma 1 in &, we see that:
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(35 '
(Vﬁ (t) + évﬁ (90 (tn) + 21 8a, (8)[u (g1 (£)) + cou (g0 (91 (£)))]°

and so:

3 r
(V’ﬁ (t) + ?UV’S (90 (t))) +217%, (1) (91 (¢)) < 0.

4)

Integrating this inequality from ¢1 to t and using the fact (Vﬁ(t)), < 0, we find:

@V () <@V (g0 () - 2 [ () o1 ()

Ty
(5)

(C1) Assume the contrary, that v'(¢t) > 0 for ¢ > ¢; . Thus, from (5), we have:

21—,’? t
VE () <V a0 (0)) = " (on () | G
This, from (3), implies:
s 5 B 21—.8 . t 1
V) < VP an ) = b o 0) [
< VP (g0 (t1)) — v080v” (g1 (1)) (ﬂ%(f) - @)

Letting t — 0o and taking the fact that 7)(t) — 0 as t — 0o, we obtain V#(t) — —oo , which contradicts the positivity
of V().

Next, since v is positive decreasing, we have that lim;_, v(t) = vy > 0 . Assume the contrary, that vg > 0 . Then,
v(t) > vg forallt > to , for some ty > ¢ . Thus, from (3) and (5), we have:
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B t
VA < V(oo () - S oh f &2 (1)du
< —21—19,550115/;1 mdﬁ
1
= ’““U(nﬁ(t} nﬂ(m)’
or
1/8
v (f) < 73;35{11;%“ 1f; (?}Bl(t) _ﬂﬁhl)) ’
and so,
y g, 1 BEACRS
)= =% "% Ua;fﬁ(t)n(t) (1 ”ﬂ(tl)) ‘
(6)

Using the fact that n’(t) < 0, we obtain that (t) < n(t2) < n/(t1) for all t > t5 > t1 . Hence, by integrating (6) from
t1 to t, we obtain:

sgus t 1 P w) e
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1/8 t
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7 (t1) n(t)

Letting t — oo and taking the fact that 7(t) — 0 as t — oo , we obtain v(t) — —oo , which contradicts the positivity of
v(t) . Therefore, vo =0 .

(C3) Since V(t) is decreasing, we obtain:

—ay P (W) < o' (1) [ " WV (e

Ve [t

IA

and:

ag " (t)u () < (D) (2).
(7
Then, (v/n) > 0.

(C3) From (7), we obtain:

Thus, from (4) and the fact V'(¢) < 0, we obtain:

g
BVEL (V! () + :_Eﬁw g0 )V (g0 (1)) + 2" Paz (£)0” (91 (2)) <0,

and then:

Vi(t) + ﬁ("(yu ®) +

(g1 (1)) < 0.



The proof is complete.

Lemma 2. Assume that u € U™ and there exists a §p € (0, 1) such that (3) holds. Then:
(Cs) nE)V (t) < —vodov(t) and v/n™® is decreasing.

Proof. Letu € U™ . From Lemma 1, we have that (C;) — (C3) hold for t > ¢; .

Integrating (C3) from ¢; to t, we arrive at:

VO <V @) - [ " () (o (o (1))

From (3), we obtain:

V(t) £V (go(t1)) — 1dov (2) [t ﬁdm
boay” (WP (n

and:

V(6) <V (g0 (1)) + 20000 (8 (ﬁt) - ﬁ)

®)
Using (C1) , we eventually have:

v (t)
n(t) =0,

V(g0 (t1)) +v0d0

Hence, (8) becomes:

This implies that v/777°50 is a decreasing function.
The proof is complete.

2.2. Oscillation Theorems

In the next theorem, by using the principle of comparison with an equation of the first-order, we obtain a new criterion for
the oscillation of (1).

Theorem 6. Assume that g;(t) < go(t) and there exists a dy € (0,1) such that (3) holds. If the delay differential
equation:

- Yo - . _
W' (t) + mﬂﬂ (t)az ()W (g5 (91 (1)) =0

9
is oscillatory, then every solution of (1) is oscillatory.

Proof. Assume the contrary, that (1) has a solution w € U™ . Then, we have that u(t), and u(g;(¢)) are positive for
t >ty , for some t; > to . From Lemmas 1 and 2, we have that (C;) — (Cy4) hold for ¢ > ¢; .

Next, we define:
w(t) :=n &)V (t) ~v(f).
From (C1) , w(t) > 0fort > t; . Thus,
w' (t) =7 (V' () <0.

Thus, it follows from (C3) that:
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(10)
Using (Cy4) , we obtain that:

w(t) = nE)V () +v(t)
< —yodov(t) + v (t)
= (1 - 70’50 )'U (t}‘l

which with (10) gives:

2!#

w () + %(m (g0 (1)) + 5 7’ (£)az (thw (91 () < 0.

1 —70dp)
(11)

Now, we set:

i)
W (£) = w() + ;—Z"w(gg (t)) > 0.
0

Then, W(t) < éow(go(t)) , and so, (11) becomes:
which has a positive solution. In view of @ (Theorem 1), (9) also has a positive solution, which is a contradiction.
The proof is complete.

Corollary 1. Assume that g1 (t) < go(t) and there exists a g € (0, 1) such that (3) holds. If:

. Lf2tF . 7% (g1 (1) & 1 )
lim su ——n" (w)az () - — du = oo,
? ), ( e mw )

00 B % (g0 (1) 4 6l (gy (u

12)
then every solution of (1) is oscillatory.
Proof. It follows from Theorem 2 in & that the condition (12) implies the oscillation of (9).
Next, by introducing two Riccati substitution, we obtain a new oscillation criterion for (1).

Theorem 7. Assume that g1 () < go(t) and there exists a dg € (0, 1) such that (3) holds. If:

: Lf2rf . 7% (g1 (1)) éo 1 )
lim su —_— da - - — dp = oo,
o | ( 57 B ) 1 T e )

13)
then every solution of (1) is oscillatory.

Proof. Assume the contrary, that (1) has a solution w € U™ . Then, we have that u(t), and u(g1(¢)) are positive for
t >ty , for some t; > to . From Lemmas 1 and 2, we have that (C;) — (Cy4) hold for ¢t > ¢; .

Now, we define the functions:

@1 = 9 (1)

SERS

and:

2
Vo )

VO go



Then, ©1 and ©3 are negative for ¢t > t1 . From (C4) , we obtain:

voq > vodgy v
n‘roﬁﬂ ogy ff:,l"r’n‘sb ogy 1]’?050 ’

Hence,
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% :?_gv:vo e\ v
m v at!
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- n’mau vog gl/ig 1
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(14)
and:
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% (go (8)) v (g (£)) allf (go (£)) 1

(15)

63 (t)

A"

n (g0 (£))04 (t) —n(t)

Combining (14) and (15), we obtain:
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Integrating this inequality from ¢ to t, we have:
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From (Cy), we obtain 7(¢)©1(t) > —1 . Therefore,

where:

K :=mn(t1)0 (t1) + i’ﬁ (go (t1))8Os (t1) + (1 + cg ) .
9y 9o
Since /(t) < 0 and a/(t) > 0, we find:
Taking limsup;_, ., and using (13), we arrive at a contradiction.
The proof is complete.

2.3. Applications and Discussion

Remark 1. It is easy to see that the previous works that dealt with the noncanonical case required either al(t) <1lor
a1(t) < n(t)/n(go(t)) . Since n is decreasing and go(t) <t , we have that 7(go(t)) > n(t) . Then, the results of
these works only apply when a;(t) € (0,1) .

Example 1. Consider the DDE:
(# (u(t) + aju (M) + agu (xt) =0,
(16)
where t > 1, ai > 0,and Kk < A € (0,1) . By choosing §p = a;, the condition (12) becomes:

A+al — Aaj

A
a;].n;:» eA

a7)
Using Corollary 1, Equation (16) is oscillatory if (17) holds.

*
Remark 2. To apply Theorems 3 and 4 on (16), we must stipulate that a; < 1. Let a special case of (16), namely,

(t2 (u (t) +aju (%)))j + adu (kt) =0,

A simple computation shows that (16) is oscillatory if:

1
ay (1 - 2a3) > 1 (using Theorem 3)

(18)
or:
ay (1 —2a3) > 1 (using Theorem 4)
(19)
or:
aj (1 —2a3) In % > % (using Theorem 5).
(20)

Consider the following most specific special case:

(o () +e(2) -



(21)

Note that (18)—(20) fail to apply. However, (17) reduces to:

which ensures the oscillation of (21).
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