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Thermodynamics of Shockwaves Trapping in
Vis-Cous Accretion Objects

Subjects: Physics, Applied

Contributor: Orchidea Maria Lecian

The shape of General-Relativistic viscous accretion objects in Kerr blackhole spacetimes are demonstrated to be
induced after the electro-magnetic potential. The analysis is relevant for cylindrical plasma accretion objects and
for gaseousmaterial cylindrical accretion objects. Entropy variation at the horizon from the gravitational torque in
the Kerr spacetimes surrounded of plasma in the ZAMO (zero-angular momentum of the observer) reference frame
is calculated in the general case; it is reconducted to the variation of the heat transfer in the isoentropic instance.
The speed of sound is calculated after the entropy- the supercritical solution follows from the new analysis of the
flow beyond the Alfv"en point.

accretion objects viscosity transonic behaviour trapped shockwaves

Lentovich-Kadomtsev theory gravitational torques entropy

| 1. Introduction

Non-Relativistic steady-state shockwave trapping is newly studied from [&: the study of the density surfaces allows
one to apply the hydromagnetic Lentovich-Kadomtsev theory in order to newly prove that the shape of the
accretion objects is determined after the electro-magnetic potential, the gravitational potential and the density
surfaces which are dictated after the thermodynamical properties of the medium- the procedure and the results do

not match those proposed in [,

The transonic behaviour is newly related to the newly-defined properties. The entropy variation originating after the
imposition of the gravitational torque on the horizon of a blackhole spacetime surrounded of medium is calculated
after the interrogation of ; in the case of a Kerr blackhole spacetime surrounded of media and endowed with
winds the entropy variation is newly taken into account after the questions raised from © and from & after the
analysis of 6.

The transonic behaviours as depending on the thermodynamical properties of the accretion object are newly
written. The flow beyond he Alfv’en point is here newly investigated. The further inquiry is here newly solved, which
was posed in &, to calculate a new critical point, which is here newly analytically calculated after the configuration
corresponding to the toroidal field at infinity, which here newly follows from the newly-found definition of the poloidal
4-velocity in the requested reference frame- the preferred

plasma reference frame (i.e. one from ).
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2. Trapped oscillations in inviscid adiabatic Dwarf-Nova
accretion discs

From (&, the trapped oscillations in the accretion discs of Dwarf-Novae are calculated. The assumptions are taken,
that inviscid adiabatic behaviour is followed, and that the fundamental modes of oscillations are in the vertical

direction. The flows are considered as horizontal.

The following characterization of the radial velocity is chosen

| ur [>>] us |, (1)
with the specifications
d 0
‘ gur ‘>>‘ gur ‘, (28)
d d
—u, —u, |, 2h
| 5w [>>] 5w |, (2b)
d d
‘ EU-T ‘>>‘ gtéz | . (QC)

In the adiabatic process, the coefficient I'; is calculated as

dlnp
81!}’1,0 adiabatic ( )

and the speed of sound b is calculated as

b =T, (1)
Po

i.e. it depends on the initial conditions , on which the adiabatic-perturbation formalism is imposed.

The consequences induced after temperature and after viscosity are examined in 2. GLobal trapped oscillation in

the Relativistic framework are studied in 29,

| 3. Non-Relativistic Shockwaves Trapping

In & the resonances of oscillations of shock waves are written from the non-Relativistic equations for accretion

discs onto compact objects.
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From @, the cooling effect is taken into account after a power law as A = pQTOé

it is my aim to express the power law as a function of time as well- the results of LU from the thermal equations will

be applied from 12 and form (2], The energy equation is written as

d v} pd o -
ag = —Uag — ;av — CI/Q:OE . (J)

The momentum equation in the radial direction is spelled as

9, s, 10 ,
dtv+vd—v+ ;a—p:ﬂ—l—‘l’ (r)=0. (6)

The continuity equation is calculated as

7, 10
—p+—=(prv) = 0. (7)

The contribution of o(p) in the r derivative of Eq. (5) will be taken into account, as well as the related quantities.

The steady state is now newly examined from

17, - 17, (12 2(1/2{1 P 2
o= (5‘1’—7+T)/(?—“) ®)

and the related simplification is written as

d 2a J d d
U@l""?aa 87- + d'f,r"ll = D (9)

The gravitational potential is therefore newly calculated.

3.1. Aspects of the Steady State

The steady-state equation relating the velocity with the density is now newly studied as

19 10 1

Eqg. (10) is newly straightforward integrated as
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2

o(r)p(r) = vopoe /e V" (11)

being rg the initial condition chosen as ry = Rg, and, therefore vy = v(rg) and pg = p(rg) the suitable integration

constant. The choice of the initial condition on rg is equivalent as imposing the gravitational torque.

Furthermore, the results are now newly matched with the continuity equation in the steady state, i.e. Eq. (7)
calculated for the steady state. More in detall, it is here recalled that, for this specification, the accretion rate of the
celestial object "M is for the moment considered as negligible during the time instant of formation of the shock

wave.

As a first result, one notices that, after straightforward integration of Eq. (7) in the steady state

d
a(rhm"u) =0 (12)
one finds that
prv = const = C) (13)

3.2. Study of the steady state

The possibilities implied after Eq. (11) and after Eq. (13) are now newly scrutinized.

The case

implies that

(5] 2 2
— = povget/Toe T, (15)
-

The initial condition rhoo implies after the choice of Ry = Rg defines a family of hypersurfaces, whose role has to be

further investigated, on which the shock lives.

The further peculiar case v = const is also studied; more in detail, the implication of

v=—t—j (16)
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is of fundamental importance. Indeed, given
7 = const = Cy (17)

one has that
r(t) = Cat; (18)

from this result, one calculated that

p= 20 1/7? g =1/7 (19)

r

where the density is defined uniquely as a function of the radial variable only; and one also has that

2
r 1
r= :I:\/ﬁ\/—o + / —dr. (20)
2 pv
the new result Eq. (20) tells one that the radial range available for the shock wave is determined, i.e. the trapping

region is determined according to the initial condition r,. In particular, it can be evaluated also as starting from Rs.

The radial momentum equation Eg. (6) is now studied in the steady state-the results are of direct application for the
calculation of the speed of sound in both the linearized regime and n the non-linearized one, and for the

determination of the gravitational potential of the disc.
After neglecting do(p)/dr, one discover that

d d
ef f —
u T’u + T‘I'o (r)=20 (21)

which specifies the effective potential {y and where the initial conditions are induced.

The speed of sound is now calculated as

u (22)

in the non-linearized regime.

The equations for the gravitational potential follow from
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M ! IUQ )\2 ! 3
v =o' m (7 -¢) -] )

| 4. Unstable shock waves

From 14l unstable standing shock waves are studied. Within this context, the specific entropy s conservation is

requested as
(uti + uri) s=0 (24)

The angular momentum is defined as A = hugthe angular-momentum conservation is written as

J J
t T
w— +u — | (hug) = 0. 25
( o ) () (25)
The General-Relativistic specific angular momentum | of a steady flow is defined as

=12
Ut

2|0

(26)

The shockwave is described as located at » = R

The wind equation is further considered as

v3(1—0?) [ d d r
a[‘vz) =5 alng —I—?'Qaln(\ g "det(g) |)] (27)

where, for spherically-symmetric non-rotating spacetimes, the expression of G is

G =gt + 1219 (28)
It is possible to consider ¢,
as negligible in order to obtain the condition on the 4-velocity as

r,T
2 uou

1 + ut™u’ ’

[ad
Il

(29)
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The advantage(s) of considering uPhi as negligible also in the non adiabatic description is that it is possible to

impose
[~ 0 (30)

also in the non-adiabatic description as well-posed.

Afterwords, it is possible to study the adiabatic expression of the speed of sound in the conserved-specific-entropy

description (a specification of the isoentropic condition) as

Jp
a’ = (—) . 31
8,0 s=const ( )

So far, the perturbations can be studied under the hypotheses:

(i) perturbations which are initially superposed (in the pre-shock region) move to the post-shock region within a
finite time; and

(i) the angular momentum distribution is not changed within the shock process
d(hug) =0 (32)

It is here calculated that, in the non-isoentropic processes, the specific entropy variation undergoes the new result

1, 1,
t— r— p— .
u 8t65 +u 8?'68 0. (33)

The result is therefore newly applied to adiabatic perturbations of the velocities

vt =0+ du, (34a)
v’ =04 0u". (34b)

It is here newly appreciated that it is therefore possible to obtain a vanishing General-Relativistic angular
momentum / from Eq. (26) or a negligible (nextorder) one with the vanishing uﬂ’-’ as well-posed with Eq. (34a).

More in particular, the instance in which dvg /0t
be negligible will be studied.

The case in which dvs/0t is not negligible was studied in 22 and in 13,
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After (23] the shock solution(s) can be newly provided after complete General-Relativistic description of the

accretion object onto a non-rotating blackhole. In particular, the calculation is done for

d 0 ) )

I b — ) y THT

Vi (816—'_1'?'8?'—’_?4232) LM (35)
where the negligible 9.¢/5t

is well-posed. The properties of the General-Relativistic angular momentum | are therefore new to be investigated.

The ’jump condition’ from 24 can now be analyzed. They are reported for a jump as

R—r=R+AR(), (36)

7

i.e. a description in which the shock front deviates form the equilibrium is described, which phenomenon implies
that the model of the 'steady state’ is now newly modified, i.e. the trapping region Eq. (20) will be different, as well

as the family of hypersurfaces on which the shock can take place Eq. (19).

The ingredients are now prepared for the equation of the linearized jump condition: it is expressed as

[(V=gmue)(V=gnu) ] 53R + d(y/=gnu’) - = 0 (37)

in E.q (37), the pedex . refers to the post-shock-condition,while the pedex _ refers to the pre-shock condition.
It is here newly considered that the addend (v/=gnu)-

from Eq.(37) is vanishing as

(V=gnus)- =0 (38)

for the definition of the adiabatic condition u; = 0. Moreover, the change in the u; in the post-shock condition is due
to the deviation of the shock front from the equilibrium configuration obtained int he steady-state description. The
change in u; notwithstanding is here newly discovered to not change the isoentropic condition regardless to he

specific-entropy requirements of 141,

It is now worth remarking that the resulting change in u; from a vanishing value in the pre-shock time to a non-
vanishing value in the post-shock time is compatible with the expression that the shock modifies the flow, i.e. also

in the case of a stationary pre-shock flow, the post-shock flow can become nonstationary.

More in detail, the condition of vanishing post-shock u; implies a vanishing value of u,.
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Differently, one has that, for U, the radial velocity not modified within the shock process, the post shock value of U,

denoted as U;* , is here newly found as

U]{F — 1 6( V _gTiUT) (39)
v —gn %65’.

i.e. the new velocity U;* depends on the time variation of R in a very non-trivial manner.
These results do not coincide nor anticipate those found in 23,

The results can be confronted to the most general paradigm implemented in 28, Indeed, ibidem, the paradigm is

developed in a way in which the specification is difficult about whether the angular velocity U

is vanishing or constant; the investigation was conducted in 22 and in 131, in which the vanishing of the angular
velocity U is discussed according to the vanishing of its derivatives with respect to the angular variables or with
respect to the z direction: as an explanation, the different instabilities were understood as originating from the

different mathematical aspects, and could be resolved.

From 7, the method of particle hydrodynamics is here not followed, because the Einstein plasma solutions does
not admit the 'small-particle limit’ in the description of accretion processes, because such a limit implies a vanishing
differential enthalpy in the isoentropic process; it is here remarked, nevertheless, that the description is apt for the

non-Relativistic studies.

It is briefly noticed that the consideration of 8] according to which the model dependence of the shockwaves
description is one which relies on the change of polytropic constant, can be in the present analyses fully utilised,

i.e. in order for the results to be applied to the different accretion objects (of different shapes).

5. Relativistic Shocks in Inviscid Axisymmetric Accretion
Objects

In (231 inviscid axisymmetric flow on the equatorial plane is considered. The continuity equation is written as
nuX? = const (40)
with the dimensionless quantity X defined as

X=— (41)

being ry the gravitational radius of the blackhole object y, written as
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rg = GMpy/c? (42)
A velocity u is denoted for
u'r
= —. 43
u= " (43)

The stationary shock is defined for nu = 0 being n the baryonic number. The shock condition is most generally
described as

ln(%+l)+l%}0, (44)

from which it newly follows directly that the stationary shocks in Schwarzschild spacetimes happen only on the

Schwarzschild radius rg independently of the speed of sound, of the enthalpy and of the pressure.
Furthermore, for the same phenomenon, the stationary shock is independent of U
i.e. it is independent of the angular-momentum quantities and of the angular velocities.

A velocity v is defined as

b
u®,r
V= - 45
- (45)
The ratio B is named after the definition
n d
p="22 (46)
w dn

with W the enthalpy, and w the enthalpy per unit proper volume, n the particle number density, and p the gas

pressure (in the frame where the reference fluid is at rest). The isothermal behaviour is studied after the limitation
p=Kn. (47)

The ratio B is studied as constant when the temperature is (kept) constant; the process is studied within a limited

time scale in which the rate m’ ph is considered as dotmpy ~ O.

This way, the jump condition is modified after the General-Relativistic forces when the speed of sound approaches

the speed of light in a comparable manner; only one shock is demonstrated to be stable.
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The analysis applies to the data from Cygnus X-1.

6. Transonic Properties of the Axisymmetric Adiabatic
Accretion Objects

The model studied in & is here implemented, from which forces the new properties are learnt.
The polytropic description is considered p= KPH'%
For axisymmetric accretion objects in the case of adiabatic perturbations of the pressure, the corresponding

perturbations of the density is implied as from 22, which is developped after 18 and after (29, From [21, the speed

of sound b is worked out as a function of the gravitational potential Y of the gravitating accretion object b({) as

A2 1
b=0b(r)=(y+1) e +'(r) ) (48)
P’ (r)

where the apex ' indicates (ordinary) derivative with respect to the radial variable. The ’vertical thickness of the

flow’ h(r) is expressed from & as

F(r)

r

h(r) = a9™2" (49)

from which the function F(r) is defined from Eq. (48) and from Eq. (49). The radial momentum balance is taken

from the rr component of the EFE’s (as from [22]) as from the T component as

9 ((ur)2

— U, = — 5 +na + ‘I’) (50)

and the mass conservation equation is written as

d 1 9
- _ < (b 51
ot qFa?m or (urb"F) (51)

In the adiabatic case, Eq. (51) is specified as

. , 7 Uy
p=c (-2 etn) o

where the constant C1 is negative in the case of infall. The sonic points are those points after which the total r
derivative of Eq. (50) and Eq. (51) vanish with g = 2n + 1: differently from &, the derivative db/dr is not eliminated
as
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dU, 2nb? 2nb? d d
U, - = ——InF - —U, 53
dr ( qu) g dr n dr (53)

where Ur is the adiabatic radial component of the velocity as u, = 0 + du, = 0 + U,, where the adiabatic

perturbations are defined.

In the adiabatic case, the component ut can be taken as vanishing: in the adiabatic description, the tide forces are

absent.

From this new paradigm, one sees that the assumption of vertical equilibrium fixes the shape of the flow and
therefore that of the accretion object. From the properties of the accretion object, it is newly learnt that the speed of
sound in an axisymmetric adiabatic accretion cylinder depends on the gravitational potential Y and on its r ordinary
derivatives; differently, the location of the shock point(s) depends also on the gravitational potential of the celestial
body

W

The thermodynamical properties follow the derivation of the isoentropic cylinder.

Eq. (52) is reconducted to the stationary case with u'r = 0. In the adiabatic stationary case, the radial momentum

equation is given as

2
8:%%—?@()2—%@—!—‘1’ (54)

and the mass conservation is calculated as

d - 2ny ,nd -4 _ FE
%(furb )—C*k aepdi —g=0. (55)

| 7. Isothermal shock

In (28], the formation of isothermal shock during accretion is studied in the non-equatorial regions for Kerr blackhole

spacetimes.
The relativistic enthalpy y is defined as

+ <
y:pp =1+ (1+n)kp*/" (56)

and is further characterized as
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The total energy ¢ is discussed as
£ = —Yyuy
and the axial angular momentum L is
L = yuy
and is conserved along the path of the fluid which does not comprehend the shock.

The global shock induces a flow of the fluid of velocity V" defined as

upu”
Vi=,/— 60
\/ 1+ uru, (60)

In this notation, the definition of the Mach number M agrees with

M=V"/c. (61)
According to the speed of sound, the Relativistic enthalpy y is
y=1—ncl. (62)
The total pressure p in Eg. (56) obeys the polytropic equation as
pocp. (63)
The local temperature T of the flow is specified as
T xp/p (6G4)
according to the local density of the flow
1 (65)

I
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The normalized quantities are introduced for the study as the normalized temperature " T as

~ kT
F=2_"B (66)
p  yplnp
and the mass density
P 1
. M Mr?|ur | (67)

7.1. Isothermal Stationary Shocks in the Non-Equatorial Region of Kerr Spacetimes

Stationary isothermal shocks are studied for accretion flows around Kerr blackholes.

It is her newly observed that stationary shocks in Kerr spacetimes are defined for matter with vanishing pressure,
i.e. dust, rarefied perfect fluid and gaseous materials with adiabatic perturbations of the pressure. The enthalpy is

newly reconducted to the new expression y as

nl}
I

=1+ (1+n)kpt/m (68)

|

The speed of sound in this new case “cs is newly calculated as

Co (69)
The local density of the flow is therefore newly found to be constant.
The radial competent of the velocity u" is newly calculated from
KM
T |—
‘ u |: 7.2 . (70)

Therefore, u®is dictated after ‘M (after the condition on the 4-velocity).

The stationary isothermal shocks of accretion flows in Kerr spacetimes are thus isoentropic processes; the
vanishing differential enthalpy allows only for the inviscid flow without vorticity. The presence of tide forces (i.e. also
with a phase shift) acting on the flow is then newly predicted. Application to the investigation of winds and jets form

radio AGN id proposed in [24], Implications for the study of magnetospheres of accreting AGN'’s are presented in
28]

https://encyclopedia.pub/entry/59384 14/29



Thermodynamics of Shockwaves Trapping in Vis-Cous Accretion Objects | Encyclopedia.pub

7.2. Slowly-Rotating Magnetosphere

From 28 a slowly-rotating magnetosphere is considered for a stationary, axisymmetric black hole spacetime for
which the vacuum Maxwell equations are solved on the Schwarzschild background. The discussion of [ s

developped in order to obtain closed field lines which stay regular at the event horizon.

The angular momentum transfer is motivated in 28] and the rerlated items of bibliography after the inward winds

arising from and forming the disc. The accretion of the disc plasma is found to be a radial one.

The plasma accretion is characterized after the poloida inward velocity that is higher than the magnetosonic speed
near the horizon; for these reasons, no items of information can be grasped as propagating outward across a

critical surface to be defined after 28, Indeed, the blackholes-driven winds which obey the description

Qp << wpp
(with wg the angular velocity of the open field lines, and wy;, the angular velocity of the blackhole) were analyzed in

4l where the winds are apt to extract energy and to cause an immediate transport of magnetic free-energy.

The description of a force-free magnetosphere is due to 22, for which the Shafranov-Kruskal criterion can be

decided about to be applied i.e. for a cylindrical magnetic field as commented in 2,

8. Hydromagnetic Stability of Unstable Standing Waves
Perturbations: Thermodynamical Characterization

The repertoire of situations is now readily complied for the study of hydromagnetic instabilities of unstable standing
waves perturbations after applying the methods from 9 to the results now originating from Eq. (19) here newly

found after the review of 14,

The analysis is relevant for cylindrical plasma accretion objects and for gaseousmaterial cylindrical accretion

objects.

The Lentovich-Shafranov stabilizing effect of a magnetic field was studied in 1 as far as the stabilizing properties

of a longitudinal magnetic field for the flow [311321[33],

The focus of the analysis is here based on the study of hydrodynamical instabilities, i.e. which imply displacements

of a plasma in space (from the equilibrium configuration denoted after the pedex g).
The analysis is now ready to study the thermodynamical characterization of the instabilities.

8.1. Shape of the Accretion Object
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The linearized equations of magnetohydrodynamics are considered, i.e. as from B for the equilibrium condition g
to write the boundary conditions for the equilibrium boundary Cy between the plasma and the vacuum, i.e. to shape
the cylinder.

Furthermore,

1 -

Vpe = —rot(Bg. B) (71)
4
with the total pressure pT as
B,
= 72
PT =PE T S (72)

requested to be continuous across the surface Cy.
The total pressure being solved after Eq. (72), the speed of sound can be written.

The total energy E is written as the sum of the Kinetic energy E, the potential energy W(pE, pE; y;AY) and the
gravitational potential energy Egrav. The kinetic energy is spelled as a function of the density according to the

properties of the Eulerian displacements

L (%Y 0
E 5/'0(515) dr. (73)

Boundary conditions: The hypersurface Cg is here defined as a surface of constant pressure and it defines the

so-called 'equilibrium boundary condition’- the normal component of the magnetic field being vanishing on Cg as

VBp = %J;-Bt(B”E) A Bg. (74)

T

The normal component of the magnetic field must vanish at Cy,.
The total pressure Eq. (72) is continuous across Cy,.

The magnetic field "BE ; at equilibrium in the interior of the shape and the magnetic field at equilibrium in the

exterior of the shape ~BE ext define the equilibrium density pE and the pressure as

1 1
PE — P + — (BE int + Bz‘nt) = o_ (BE ext + Be:t:t) . (75)
8 87

The acceleration from V& obeys the condition
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N Lo p L N (9 poo2, D po e
YPEVES A (BE mtht) - (BE EItBeIt)+ S ((?N (Be:rt) + ON (Bz’nt)
(76)

such that it depends on the displacement & and on the derivative, where

Sy = (0. No - §) (77)
where the normal N of Cg is defined.

The conductivity boundary condition is derived after the hypothesis of infinite conductivity of the plasma. A
(preferred) coordinate system is fixed in the

plasma, according to which the lines of force are ’blocked'.

The continuity of the tangential component of the external electric "E (54 field is requested as

_ 1 - -
Emng - _E(V A BE ext)tang- (78)
At the unperturbed boundary
- I
N(Cyo)ANE = EVNBE ext- (79)

because the quantities are first-order in &.
Transonic behaviour: The total pressure pT is calculated in Eq. (72).

In the case of non-gravitating accretion object, the speed of sound is calculated after the pressure P in Eq. (75)-

the total energy being the sum of the kinetic energy plus the potential energy W.
In the case of gravitating accretion objects, the following specifications are applied.

The complete transonic behaviour is described after the speed of sound from the gradient of the dynamical flow

velocity du/dr, i.e. as from 1], as

o (80)

with the gravitational energy Eg,, as
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A2 2 v+1 A2 43!
Eqrav = =5 +P ¢’ &1
g (2,,,.2 + ) + 421 |: 72 (3(1,1 i ,,.q)rf) ( )

with @ = U 4 o
In the example of the Schwarzschild spacetime in cylindrical coordinates,

1 dP

GM 8. . 8. dr
RZ — atlUr ~ Urgplr

h
Il

=~
o

where the derivative dP/dr is calculated as in the following.

8.2. Pinch with no Longitudinal Field

So far, the pinch with no longitudinal field can be considered: a plasma cylinder whose confinement is due to
‘flowing within the plasma itself’. The analysis of the stability in the interior region of the cylinder can be performed.
In the absence of a longitudinal magnetic field, the equilibrium equation holds

= *ff(”'BE)- (83)

Perturbations independent of the azimuthal angle Perturbations independent of the azimuthal angle ¢ can
be added to the equilibrium configuration.

The stability condition is

dinpg 4y
- 84
dinr = 2+~3 (84)
with
STpE
8= . 85
The stability condition Eq. (84) is solved as
r 1 QWB?E
In—>—|—-—(pg —po) + —(pE — P0) | - (86)
o 2y Y

where the integration constant ry and pp have been introduce, which correspond to the initial conditions were
introduced; in particular, the initial conditions can be made to correspond to the shock formation process. As a

result, not all the initial conditions admit stability with respect to the equilibrium configuration.
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Convective instability The convective instability, also named the Rayleigh- Taylor instability, is the limiting
situation in which the fluid is inhomogeneous (due to the presence of viscosity and/or vorticity) or not-uniformly

heated in a gravitational field.

Plasma-field boundary instability A plasma-field boundary instability is the limiting situation of convective plasma
instability in which perturbations along the force lines are named convective perturbations. The potential available
for the localized perturbations Eq. (84) is determined only for the points in the vicinity of the initial point RO.

Convective instability can take place.

Eq. (84) implies that the pressure of the plasma ought not to decrease too quickly with respect to the augmentation

ofr.

After the use of Eq. (83), Eq. (84) is rewritten as

dinpg 1 (dlnS 2) A8mp (87)

dinr 1+ 3 \ dlnr B% )
Eq. (87) is solved as

1+ 6 Lo
1+ Bo 1+ 6 1+ 5

rg —ro = —2ln (88)

after the consideration of the initial configuration of the shock formation process; from Eq. (87) therefore selects the

possible value(s) of the pressure at which the plasma i at equilibrium.

Azimuthal perturbations The azimuthal perturbations are written for the displacements of the equilibrium position

¢ as
& = &, 2)sinma, (89a)
£p = Ep(1, 2)cosmo., (89h)
& =& (r, z)sinmao. (89¢)

At m = 0, the instability is located at the peripherical zone.
At m # Othe potential energy of the system is modified; as one of the modifications, the extra addend
2 2
1 m”BE ¢2 2
= —=2 (& + &)
is acquired. Accordingly, different specifications must be taken into account.

At m =1, the limiting pressure distribution is unstable.
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At m < 1, the new theory must be studied.
The new equilibrium condition is written

dinp. m? B2,
dinr ~— 8mp

(90)

Eqg. (90) is solved as

TR 81

In— = ————_ — 91
nE = o e o) (o1)

after the consideration of the initial conditions of the shock formation process.
Convective instabilities Convective instabilities occur in low-pressure plasma.
At B << 1, the perturbations begin to become negligible and the plasma can expand.

Eq. (84) is rewritten as

dinPg
_ <9 92
dinr — 7 (92)
is solved as
n’E > 2’yln.p—0 (93)
o PE

The characterization holds, of a non-homogenous fluid in a gravitational field; more in detail, the plasma can be in
equilibrium only when the pressure is constant along an equipotential hypersurface p = p(U). The stability of this
plasma state has to be studied. Indeed, (from the definition of convective displacement), the displacement does not
modify the magnetic field.

As a consequence,t he relative change of volume 38V is written as

oV oU
v (54)
The differential adiabatic change of pressure after adiabatic expansion is written as

U
dp = —yp—- (95)
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The stability condition (names also 'magnetic trap’) is

dp p
a < (962)
dp dUJ
y— 9Gh
L, ST (96b)
Iz U
In— < yln—. 96c
Po Uy (96c)

The conditions Eq. (96) can be written also as a function the velocity u; the potential energy of a cylinder containing

plasma has the potential energy Wy, which is

di

Wep=plU = ¢ —
| B |

where dl is the line element, i.e. dI? = gudxudx, frm which X" is calculated.

The stable states are qualified after the pressure augmenting with U not in a too-quick manner; the situation is that
of a compressible gas in a gravitational
field.

It is here reminded that a compressible gas is one obtained, in the presented formalism as limn — oo in the

polytropic equation.

| 9. About Winds and the Torque

From [6], the properties of protoplanetary discs with magnetically-driven winds and viscous heating are studied:
after the time evolution of the surface(s) of the protoplanetary discs, the loss of mass and that of angular
momentum of the disc winds are calculated. The Relativistic star is considered as surrounded of gas forming the
protoplanetary disc(s). The viscous heating is one induced after magnetohydrodynamical inst instability B4,
Furthermore, the Poynting flux of the magnetohydrodynamical turbulence induces vertical outflows. The wind of the

discs are calculated to reduce the angular momentum 22!,

The explanation is provided with, about the fact that the low turbulence does not manage to afford a modification of
the accretion rate of the Relativistic star "M, i.e. such that the protoplanetary disc(s) formation occurs: these
zones are the zones of magneto-rotational-instability inactivity 2837, The accretion rate "M is therefore due to

the extraction of angular momentum by the wind of the disc 28139]140][41]
The W, stress is the main responsible of the magnetized mass accretion [42][43]

From [6], each anulus of the protoplanetary disc is at a radial distance r from the
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Relativistic star, and it rotates with am angular velocity {2

from the Keplerian value as

A~ Qg =GM, /13

the vertical scale-height is defined ibidem as

\/g \/§ kb'T
be = — .
Q Q pmy

H

(98)

being p the 'mean molecular weight, where the speed of sound of the gaseous material by is considered for the

thermodynamical purposes.

The surface density X is shaped after the magnetic fields; the time evolution of the density which is is described

after the Shakura-Sunyaev parametrization

for the magnetic fields as

B,.By 9
Ar - a""ﬁbbs: (998‘)
By B,
= el (99D)
such that
d,. 10|20 2 5 2 5
dt = 7 e |:]Q 8?. (f /dz(va5v¢ _Od"‘ﬁf)bs) +" (pt'chuqﬁ - 0'125263) wind _[puz]wznd
(100)

and the Reynolds stress pu,dug is outlined.

The heating after viscous accretions was studied in 24! and in 421,

The consequences of the disc torque(s) is to be studied.

From 4, the models of paired winds of magnetized plasma are studied fr a rotating blackhole yy,.

One type of winds is the ingoing wind which causes "My, to change. In this case, wf the angular velocity of the field

lines is much smaller than the angular velocity of the blackhole
Qpp

, 1.8, Wf << Opegapn; the frequency of wf is determined after the injection of plasma into the azimuthally-symmetric
magnetic flux tubes.
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The frequency from wf is considered as constant in the particle-creation zone from 23,

The other type of winds is the outgoing winds, which are magnetically slung and centrifugally slung; they are

'magnetohydrodynamics perfect minimum torque solution’.

The minimum torques are calculated as balance equations of the momenta referred to the ingoing winds and to the
outgoing winds, where, in the approximation of 'cool winds’ taken in 4], the entropy per unit magnetic flux originated

from the ingoing winds equals that related from the outgoing winds.

10. Entropy Variation at the Horizon from the Gravitational
Torque in the Kerr Spacetimes Surrounded of Plasma

The dissipation of energy at the horizon within this framework equals the flux of energy radiated at infinity.

The dissipation forces of the 'minimum torque solution’ are interrogated from . It is now here newly calculated as

follows. The entropy variation &s from

Eqg. (33) is extended for the considered spacetimes as

Jd . d Jd .
u® Os—l—ur—ds—l—zt.qﬁa—(b()s—(). (101)

ot or

Is is calculated from the ZAMO reference frame (i.e. in the reference frame in which the observer has vanishing

angular momentum) 8! 4-velocity components

Q-
t v+ fom redsh

ut = . . (102a)
1
|u" |= ————, (102b)
pMyp 12
“1/2 -
- I&m reds
ut = _9s0 ash (102¢)

ytac

where the enthalpy y is taken from Eg. (62), the mass density “p is recalled from Eq. (67), Ky, redsh 1S the specific

redshifted mechanical angular momentum, v is the specific redshifted mechanical energy of the plasma, and %,

is the lapse time. It is remarked that the sign of | u" | is chosen as negative in the case of infall, and as positive in

the case of escape.

After [5], the infinitesimal heat transfers neglected in 4 can now be taken into account.
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For the locally-isothermal processes interrogated about in 2!, the entropy can be written
ds = Aq/T in Eq. (101)
being T the non-varying temperature at which the heat exchange
Ag
takes place; the variation q is therefore determined after Eq. (101).

The gravitational potential @ which corresponds to a speed of sound Cs is calculated after the temperature T from

Eqg. (98) in the Keplerian case from the vertical scale H of the shape of the Keplerian object as from [18]

(103)

It is here therefore newly proven that it is possible to extract energy from the ultra-strong regime of the magnetic
field int he ultra-Relativistic limit of the Kerr blackhole spacetimes; the analysis here newly presented is usefully
complemented after that of 42!,

The simple toymodel of a Kerr blackhole spacetime surrounded of rarefied plasma with uniform magnetic field was
investigated numerically in 47 from which the interrogation was raised about the occurrence of
magnetohydordynamical Penrose process. The tentative answer provided with in (48] according to which it was
supposed that it could be 'almost impossible’ to extract energy from the ultra-strong magnetic fields in Kerr

blackhole spacetimes, is here newly provided with the counterexample.

Comparison is useful with 425

10.1. Beyond the Alfv'en point

The factor Knorizon is calculated as a function of the gravitational potential and of the poloidal magnetic field BP as

v
K horizon = 104
Bpgﬁf)‘i’ horizon ( )

and it consists of the order of magnitude of the solid angle in the Boyler-Lindquist coordinates delimited after the

flux tube in the vicinity of the horizon.

Analogously, ks is defined as

Jip = . 105
f BP s (105)
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The configuration of Bt = const of the toroidal magnetic field is known as a supercritical solution of the outgoing
wind of the Blandford-Znajek theory [24]-it also implies a fixed value of BP.

Differently, here et rP be the poloidal 3-velocity; the limit at space infinity (asymptotically) is defined as

YP = i, TP — ihorizonf
> ]ff(Qbh — wf)

(106)

The new limit rP,, fixes the asymptotic Mach number which is consistent with a supercritical solution.

The location of the Alfv’en point is calculated after the effective poloidal coordinate 1¢
in the flux tube.

The r' = u' component of the poloidal 4-velocity is here newly found from Eq.
(67) in EqQ. (102a).

The ’fast critical point condition at asymptotic infinity of the cold minimum torque’ is a critical point; it is here newly
found after imposing

T =1 (107)

from Eq. (102a) In [4], the critical point is individuated from B!, and the new interrogation is posed, which is here
newly calculated as it corresponds to the configuration in which the 'mechanical angular momentum flux’ of the in
the ingoing wind is greater than the mechanical angular momentum flux of the outgoing wind at infinity
(asymptotically): it si calculated from rt when

C

1-71T2r? ~ .
aYt

(108)
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