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Data can be aggregated to lower resolution representations according to a certain rational or optimality criterion in a
certain pre-defined sense. In this situation, partial information from all observations is retained and at the same time the
amount of data analysed is greatly reduced. The level of resolution or granularity adopted may be different for each
variable under analysis. Methods for dealing with these data structures are called multiresolution or multi-granularity, and
are newcomers to the Process Analytical toolkit.
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| 1. Multi-Granularity Methods

Multi-granularity methods (also called multiresolution methods) address the challenge of handling the coexistence of data
with different granularities or levels of aggregation, i.e., with different resolutions (not to be confounded with the Metrology
concept with the same name). Therefore, they are primarily a response to the demand imposed by modern data
acquisition technologies that create multi-granularity data structures in order to keep up with the data flood—data is being
aggregated in summary statistics or features, instead of storing every collected observation. But, as will be explored
below, multi-granularity methods can also be applied to improve the quality of the analysis, even when raw data are all at
the same resolution. By selectively introducing granularity in each variable (if necessary), it is possible to optimize and
significantly improve the performance of, for instance, predictive models.

The usual tacit assumption for data analysis is that all available records have the same resolution or granularity, usually
considered to be concentrated around the sampling instants (which should, furthermore, be equally spaced). Analyzing
modern process databases, one can easily verify that this assumption is frequently not met. It is rather common to have
data collectors taking data from the process pointwisely; i.e., instantaneously, at a certain rate, while quality variables
often result from compound sampling procedures, i.e., material is collected during some predefined time, after which the
resulting volume is mixed and submitted to analysis; the final value represents a low resolution measurement of the
quality attribute with a time granularity corresponding to the material collection period. Still other variables can be stored
as averages over hours, shifts, customer orders, or production batches, resulting from numerical operations implemented
in the process Distributed Control Systems (DCS) or by operators. Therefore, modern databases present, in general, a
Multiresolution data structure, and this situation will tend to be found with increasing incidence as Industry 4.0 takes its
course.

Multiresolution structures require the use of dedicated modelling and processing tools that effectively deal with the
multiresolution character and optimally merge multiple sources of information with different granularities. However, this
problem has been greatly overlooked in the literature. Below, researchers refer to some of the efforts undertaken to
explicitly incorporate the multiresolution structure of data in the analysis or, alternatively (but also highly relevant and
opportune), to take advantage of introducing it (even if it is no there initially), for optimizing the analysis performance.

| 2. Multi-Granularity Methods for Process Monitoring

An example, perhaps isolated, of a process monitoring approach developed for handling simultaneously the complex
multivariate and multiscale nature of systems and the existence of multiresolution data collected from them, was proposed
by Reis and Saraiva &: MR-MSSPC. Similarly to MSSPC 8], this methodology implements scale-dependent multivariate
statistical process control charts on the wavelet coefficients (fault detection and feature extraction stage), followed by a
second confirmatory stage that is triggered if any event is detected at some scale during the first stage. However, the
composition of the multivariate models available at each scale depends on the granularity of data collected and is not the
same for all of them, as happened in MSSPC. This implies algorithmic differences in the two stages as well as on the
receding horizon windows used to implement the method online. This results in a clearer definition of the regions where
abnormal events take place and a more sensitive response when the process is brought back to normal operation. MR-



MSSPC brings out the importance of distinguishing between multiresolution (multi-granularity) and multiscale concepts:
MSSPC is a multiscale, single-resolution approach, whereas MR-MSSPC is a multiscale, multiresolution methodology.

| 3. Multi-Granularity Modelling and Optimal Estimation

Willsky et al. developed, in a series of works, the theory for Multiresolution Markov models, which could then be applied to
signal and image processing applications A8, This class of models share a similar structure to the classical state-space
formulation, but they are defined over the scale domain, rather than the time domain. These allow data analyses over
multiple resolutions (granularity levels), which is the fundamental requirement for implementing optimal fusion schemes
for images with different resolutions such as satellite and ground images. In this regard, Multiresolution Markov models
were developed for addressing multiresolution problems in space (e.g., image fusion). However, they do not apply when
the granularity concerns time. In this case, new model structures are required that should be flexible enough to
accommodate for measurements with different granularities. In the scope of multiresolution soft sensors (MR-SS) for
industrial applications, Rato and Reis [d proposed a scalable model structure with such multi-granularity capability
embedded—the scalability arises from its estimability in the presence of many variables, eventually highly correlated (a
feature inherited from Partial Least Squares, PLS, which is estimation principle adopted). The use of a model structure
(MR-SS) that is fully consistent with the multiresolution data structure leads to: (i) an increase in model interpretability (the
modelling elements regarding multiresolution and dynamic aspects are clearly identified and accommodated); (ii) higher
prediction power (due to the use of more parsimonious and accurate models); (iii) paves the way to the development of
advanced signal processing tools; namely, optimal multiresolution Kalman filters [EI6119]110],

But there is another motivation for being interested in multiresolution analysis besides the need to handle it when present
in data—even when the data is available at a single-resolution (i.e., all variables have the same granularity), there is no
guarantee whatsoever that this native resolution is the most appropriate for analysis. On the contrary, there are reasons to
believe the opposite, as this choice is usually made during the commissioning of the IT infrastructure, long before
engineers or data analysts (or even someone connected to the operation or management of the process) become
involved in the development of data-driven models. Therefore, it should be in the best interest of the analyst to have the
capability of tuning the optimal granularity to use for each variable, in order to maximize the quality of the outputs of data
analysis. The optimal selection of variables’ resolution or granularity has been implemented with significant success for
developing inferential models for quality attributes in both batch 14 as well as continuous processes 22, Notably, it can be
theoretically guaranteed that the derived multiresolution models perform at least as well as their conventional single-
resolution counterparts. For the sake of illustration, in a case study with real data, the improvement in predictive
performance achieved was of 54% 11, Figure 1 presents a scheme highlighting the set of variables selected in this case
study, to estimate the target response (polymer viscosity) and the associated optimal resolution at which they should be
represented.
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Figure 1. Schematic representation of the variables/resolutions selected for building the model. The size of the boxes
represent the adopted granularity for each variable; the lighter shades indicate variable/resolutions that were pre-selected



by the algorithm but discarded afterwards; the final combination of variables/resolution used in the model are represented
with a darker color).

| 4. Multiresolution Projection Frameworks for Industrial Data

The computation of approximations at different resolutions can be done in a variety of ways. Using wavelet-based
frameworks is one of them, but the resulting approximation sequence present granularities following a dyadic progression,
i.e., where the degree of delocalization doubles when moving from one resolution level to the next. But the time-
granularity may also be flexibly imposed by the user, according to the nature of the task or decision to be made. In this
case, one must abandon the classic wavelet-based framework, and work on averaging operators that essentially perform
the same actions on the raw signals as wavelet approximation (or low-pass) filters do. These averaging operations can
also be interpreted as projections to approximation subspaces, as in the wavelet multiresolution construct, but now these
subspaces are more flexibly obtained and do not have to conform to the rigid structure imposed in the wavelet framework.

One problem multiresolution frameworks have to deal with when processing industrial data, is missing data. This is an
aspect that wavelet multiresolution projections cannot handle by default, and the same applies to conventional averaging
operators. One solution found to this prevalent problem (all industrial databases have many instances of missing data,
with different patterns and origins) can be found in the scope of uncertainty-based projection methods 22, In this setting,
each data record is represented by a value and the associated uncertainty. Values correspond to measurements, whereas
the uncertainty is a “parameter, associated with the result of a measurement, that characterizes the dispersion of the
values that could reasonably be attributed to the measurand” 14, According to the “Guide to the Expression of Uncertainty
in Measurement” (GUM) the standard uncertainty, U(Xi)(to which researchers will refer here simply as uncertainty), is
expressed in terms of a standard deviation of the values collected from a series of observations (the so called Type A
evaluation), or through other adequate means (Type B evaluation), namely, relying upon an assumed probability density
function expressing a degree of belief. With the development of sensors and metrology, both quantities are now routinely
available and their simultaneous use is actively promoted and even enforced by standardization organizations. Classical
data analysis tasks, formerly based strictly on raw data, such as Principal Components Analysis and Multivariate Linear
Regression approaches (e.g., Ordinary Least Squares, Principal Components Regression) are also being upgraded to
their uncertainty-based counterparts, that explicitly consider combined data/uncertainty structures LI[16I17I18I19)[20] The
same applies to multiresolution frameworks where the averaging operator may incorporate both aspects of data
(measurements and their uncertainty), and, in this way directly address and solve, in an elegant way, the missing data
problem: a missing value can be easily replaced by an estimate of it together the associated uncertainty. In the worst
case, the historical mean can be imputed, having associated the historical standard deviation, but often more accurate
missing data imputation methods can be adopted to perform this task [21[221[23][24] 'Examples of multiresolution projection

frameworks developed for handling missing data and heteroscedastic uncertainties in industrial settings can be found in
[13]
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